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Abstract

Ecosystems are involved in global biogeochemical cycles that regulate climate and provide essential
services to human societies. Mechanistic models are required to describe ecosystem dynamics and anticipate
their response to anthropogenic pressure, but their adoption has been limited in practice because of issues
with parameter identification and because of model inaccuracies. While observations could be used to
directly estimate parameters and improve models, model nonlinearities as well as shallow, incomplete and
noisy datasets complicate this process. Here, we propose a machine learning (ML) framework relying on
a mini-batch method combined with automatic differentiation and state-of-the-art optimizers. By splitting
the data into mini-batches with a short time horizon, we show both analytically and numerically that
the mini-batch method regularizes the learning problem. When combined with the proposed numerical
implementation, the resulting ML framework can efficiently learn the parameter of complex dynamical
models and is a workhorse for model selection. We evaluate the performance of the ML framework in
recovering the dynamics of a simulated food-web. We show that it can efficiently learn from noisy, incomplete
and independent time series, accurately estimating the model parameters and providing reliable short-term
forecasts. We further show that the ML framework can provide statistical support for the true generating
model among several candidates. In summary, the proposed ML framework can efficiently learn from data

and elucidate mechanistic pathways to improve our understanding and predictions of ecosystem dynamics.
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Author summary

Ecosystem models which explicitly represent ecological mechanisms are required to forecast ecosystem
responses to global changes, but large mismatches with observations limit their predictive ability. To
help address this major problem, we propose a novel machine learning (ML) method aiming at improving
ecosystem models with data. The ML method is based on a learning strategy where the model is matched
against small chunks of data, called mini-batches, and it involves numerical techniques commonly used in
the training of neural networks. By benchmarking the performance of the ML method with a challenging
food-web model, we show that our approach is robust against noise and partial observations, can process
and combine the information contained in independent datasets, and can provide statistical support for
the most adequate model among several candidates. Our proposed method therefore accommodates the
reality of ecological datasets and our partial knowledge of ecosystem processes. By efficiently blending
data and ecological theory with state-of-the-art ML techniques, our work offers novel tools to improve

our understanding and predictions of ecosystem dynamics.
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1 Introduction

Ecosystems are complex systems involving many interacting functional entities which together play a major
role in regulating global biogeochemical cycles [I] and delivering essential services to humans [2]. Ecosystems
currently face intense disruption from anthropogenic pressure, through pollution and land use [3| [4], and from
climate change [5]. In order to anticipate the responses of ecosystems to these disruptions, models that can
extrapolate ecological dynamics beyond observations are required [6]. A major challenge is that the processes
driving ecological dynamics are nonlinear, resulting in complex responses and feedbacks [7]. Nonlinearity greatly
affects the capacity of modelling approaches that do not incorporate specific biological knowledge to reliably
project current trends into the future [8]. For instance, while methods based on statistical descriptions [9] and
nonparametric methods [10} [T} [12] have adequate interpolation capabilites, they are ill-suited for extrapolating
beyond observed trends [8,[13]. In contrast, mechanistic ecosystem models integrate constraints on the expected
dynamics by explicitly modelling interactions, feedback loops and dependencies between ecosystem components
[14]. While this should ensure a more robust forecast under large disruptions [I5], ecosystems models suffer
in practice from parametrization issues, i.e. inaccuracies in the mathematical formulation of the processes and
issues in identifying the correct parameter values [I6]. These drawbacks have limited their broad adoption
[13]. Learning the parametrization of ecosystem models from observation data by blending specific biological
knowledge and ML methods could improve our representation of ecosystem processes and help us to anticipate
ecosystem responses to global changes.

The parametrization of ecosystem models can be indirectly learnt from observations by calibrating the
parameters from the data collectively using inference methods. These methods proceed by maximizing the
posterior probability of the parameters given the observations, but their success is subject to a number of
issues, some of which specifically relating to ecosystem model properties. Among these issues, the exploration
of the posterior landscape demands repeated model simulations, but ecosystem models are usually associated
with a high computational cost that limits the number of possible runs [I7]. Additionally, the complexity of
processes requires a large number of parameters. Due to the curse of dimensionality [6], this complicates the
exploration of the posterior distribution and can further leave many parameters poorly constrained [I8]. The
limited availability of observations, which are usually composed of multiple partial short-term time series |19} 20],
accentuates the lack of parameter constraints. Moreover, ecosystem dynamics can be strongly dependent on
the initial conditions (ICs) and show a chaotic behaviour [2], 22} 23], or can be associated with a large panel of

dynamics depending on the parameter values. In such case, small perturbations of the ICs or parameter values
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lead to large divergences in the model outcomes, causing numerical problems in finding the most probable
parameters [I6]. Last but not least, in contrast to fields such as climate and weather modelling, the derivation
of fundamental processes regulating ecosystems is far from being established [24], 20, 25], resulting in inaccurate
mechanistic pathways and uncertain mathematical formulations [26], limiting extrapolation to unseen data. To
summarize, the parametrization of ecosystem models requires inference methods that are robust despite the
models’ complexity, the limited observation data, and the inaccurate description of ecological processes.

A variety of data assimilation and ML methods are increasingly being used to parametrize ecosystem models.
Bayesian inference with Markov Chain Monte Carlo methods, used in [27], 28], 29, 30}, [3T], offer the advantage
of quantifying uncertainties by inferring the full posterior probability distribution of the unknown parameters.
This is achieved by a global exploration of the parameter space, which makes Bayesian methods computationally
expensive and particularly prone to the curse of dimensionality [32]. Simulated annealing [33], genetic algorithms
[34], and sequential methods such as extended Kalman filtering and ensemble Kalman methods [35] 36l [37] have
been used as alternatives, but are similarly subject to the curse of dimensionality and demand a large number of
model evaluations. Variational methods rely on the model adjoint, i.e. the model sensitivity to the parameters,
to explore more efficiently the parameter space, iteratively updating the parameter estimates using the gradient
of the posterior landscape. Such methods therefore demand less evaluation [20], which explains their wide
adoption in the field of artificial intelligence to train highly parametrized neural networks (up to the order of
10® parameters [38]) and their use in calibrating marine ecosystem models [39, 40} 41}, [42] (see [20] for a review)
and terrestrial ecosystem models [43] [44] [45]. However, as the complex dynamics of ecosystem models tend to
be associated with rugged posterior landscapes, variational methods are prone to converging to local minima,
making variational methods very sensitive to the choice of initial model parameters [46, 20]. Ecosystem models
are specified as differential equations that depend not only on parameters but also on ICs. The state-dependency
of ecosystems means that neglecting the estimation of initial ICs might compromise the correct fitting of the
parameters and the forecast skill [27]. However, few of the aforementioned studies have addressed the problem
of IC estimation (but see [42]). Finally, the numerical implementation of variational methods is also challenging,
as the model adjoint is difficult to obtain and maintain as the model is modified [47, [42] 37]. Novel methods
for model parametrization are emerging, thanks to advances in the field of artificial intelligence [48|, 49} 50, [51],
providing new opportunities to better address these issues.

Here, we propose a ML framework relying on a mini-batch method inspired by multiple shooting methods
[62] and on automatic differentiation and state-of-the-art optimizers to efficiently learn the parametrization of

ecosystem models from observation data. The mini-batch method divides the training problem into mini-batches
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with a short time horizon. We show analytically how this learning strategy regularizes the ill-behaviour of the
loss function arising from the strong nonlinearities of ecosystem models. We implement the mini-batch method
in the software ecosystem SciML [53], which provides advanced optimizers and allows the automatic generation
of efficient and accurate model adjoints, leading to excellent performance. The resulting ML framework makes it
possible to efficiently combine the information contained in short, independent time series, and is a workhorse for
performing model selection and improving model accuracy. We evaluate the performance of the ML framework in
recovering the chaotic dynamics of simulated food webs. We assume a perfect-model setting and test the capacity
of the ML framework to recover the true parameters and provide forecasts based on noisy and incomplete
observations, and we explore its efficiency in combining the information from multiple time series. Additionally,
we investigate whether the ML framework can recover the most appropriate model structure among candidate
models. By blending biological knowledge and ML methods, the proposed ML framework is interpretable and
data-efficient, and it facilitates mechanism discovery. The proposed approach thus shows promise in improving

our ability to understand and forecast ecosystem dynamics.

2 Machine learning framework for ecosystem models

2.1 Ecosystem model parametrization as a learning problem
2.1.1 Ecosystem models

Ecosystem models generally consist of a system of ordinary differential equations (ODEs) of the form

where z(t) € R™ is a vector of state variables that might represent species abundance, resources availability
or functional group biomass, y(t) € R? is a vector of observables that contains a subset or aggregates of the
state variables, and p € R? is the model parameter vector. h is a function that maps the state variables to the
observables, and we assume that the observables are contaminated with a white noise € of Gaussian type, with
zero mean and variance—covariance matrix X,. Denoting by 6 = (x¢, p) the vector containing the ICs and the

parameters, the model may be viewed as a map M parametrized by time ¢ that takes the parameters 6 to the
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state variables x

2.1.2 Inverse modelling

Taking expectations over the noise realizations yields E[y(¢)] = h(M(t,0)), and it follows that the conditional
likelihood of each observation yr = y(tx), given the parameters # and the model M denoted by p(yx|0, M),
follows the distribution of the residuals e;, = e(t) = y(tx) — h (M(tx, 0)), which corresponds to the multivariate
normal distribution ./\/0721/. Following a Bayesian approach, the parametrization of the ecosystem model can
be performed on the basis of the parameter and model posterior probability p(6, M|y;.x), i.e. the conditional

probability density of the parameter values # and the model M given the data, given by
p(0, Mly1.i) < p(y1.x10, M)p(6, M) (3)

where y1.x = (Y1, .-, YK), P(¥1.x]0, M) is the product of the conditional likelihood of each observation yy

K
p(y1.xl6, M) = H (yil0, M)

K
g
11 ﬁp( 2% )

and p(#, M) is the prior distribution of the model and its associated parameter values. The model M is included
in the probabilistic quantities in order to accommodate multiple candidate models (see Section .

A variational method to obtain a Bayesian estimate of € involves maximizing p(6, M|y;.,) to obtain the
maximum a posteriori (MAP) estimator [54], which is equivalent to a maximum likelihood approach under a
uniform prior distribution of the parameters, i.e. when no prior information on the parameter values is used
[20]. Observing that maximizing p(6, M|y,.x) is equivalent to minimizing — log p(0|y;.x, M) and assuming a

normal prior distribution of the parameters pr’zp, one can obtain the MAP 6

0= argmin L xq(0) (5)
0
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where

K-1
1
La(0) =5 Dy =k (Mt 0)) 5, + llp = poll3, (6)
k=1

[55, [56] and where we use the notation ||y||% = y~~1yT. Eq. @ is similar to a traditional least squares function
commonly used in regression, where the second summand is the analogue of a regularization term for the weights
and biases of e.g. a neural network.

Gradient-based optimizers can then be used to efliciently obtain 0 in Eq. 1} iteratively updating the
parameter vector 0, given the gradient of the loss function, denoted by VgL o, to navigate the surface defined
by L with the aim to find the global minimum where VgL x4 (é) = (0. As an example, the plain vanilla gradient
descent algorithm is given by

9m+1 = 0m - PYVGLM (em) (7)

where « is the learning rate. Other gradient-based algorithms, such as the ADAM optimizer used in the section

below, employ more advanced updating strategies to avoid convergence to local minima but stay in the spirit

of Eq. .

2.1.3 Information indigestion

A naive minimization of L (f) with gradient-based methods is likely to fail, as its associated surface cannot be
navigated properly. As illustrated in Fig.[TJA, the loss surface associated with models characterized by complex
dynamics consists of multiple local minima, which cause problems of convergence in efforts to reach the global
minimum (depicted by the orange curve in Fig. ) Furthermore, in a neighbourhood of the global minimum,
the gradient of the loss function is very large (a "ravine" with almost vertical walls), leading the optimizer
to overshoot the true parameter values (depicted by the green curve in Fig. ) In Section we show in a
general setting that these problematic features arise from the dynamical properties of ecosystem models: when
the dynamics are chaotic or exhibit a limit cycle (as is often the case for ecological dynamics [57, 21} 22] 23]),
the dynamical trajectories exhibit high sensitivity to the model parameters and ICs. This means that a small
modification of the parameters or ICs leads to large divergences over time. The prevalence of large deviations
causes discontinuities, appearing as many sub-optimal local minima on the loss surface. Moreover, the true
minimum can only be found in a narrow ravine that becomes narrower as the number of data points increases.

Such surfaces are hardly navigable with gradient descent methods, but since the behaviour of L () critically
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depends on the time horizon, we reformulate Eq. @ in the following section by splitting the time series into

mini-batches with a short time horizon.

2.2 ML framework for ecosystem models
2.2.1 Description of the mini-batch method

We propose a mini-batch method that splits the data into mini-batches with a short time horizon. Under
perturbed parameters and ICs, chaotic or limit cycle dynamics only diverge after some characteristic simulation
time; by splitting the time series into small mini-batches, discontinuities that cause the poor navigability of the
landscape are therefore avoided. By averaging the associated losses during the training, the mini-batch method
regularizes the loss function and makes it possible to combine the information contained in independent time
series.

Consider the availability of S independent time series, where each time series s € {1,...,5} contains K (s)

(s)

L. (- Toimprove the ill-behaviour of Eq. @, we split each time series into M) mini-batches,

observations y
each of which defines a loss denoted by Lﬁ\s/im). Averaging the losses Ls\s/im) leads to a reformulation of the loss

function in Eq. @, yielding

* S M) 1 s,m
Li(0) = £ 300, o S L™ 0)

g M _q K (sm) ’
= %Zs:l ﬁ > m=0 [ﬁ k=1 Hyl(:-me@)/M(@ —h (M(thrmK(S)vpy l‘(()s m))) =, (8)

(s.m)

+ ||yfj)K(S)/M<S> —h (330 ) 5., + Do —P||Ep}

where 6 = (p, x(()m), . x(()l’Ml), 33(()2’1) . ,x(()S’MS)) consists of the augmented parameter vector containing Zle [M(S) - 1]
KO /M +1 m<M

additional ICs to be estimated and denoted by xés’m)7 K(sm) = indicates the
K®) /M) cm=M

number of points to include in the mth batch, and p;, designates the prior knowledge of the parameter values.
We refer to Fig. for a graphical representation of Eq. . In contrast to Eq. @, the ICs for each batch
are constrained by an extra term with weight Z;{}, which is needed in practice for better convergence. The ICs
a:és’m) are nuisance parameters that augment the dimensionality of the parameter space as they are inferred for
each batch. Nonetheless, the efficiency of gradient-based methods, together with the suggested numerical imple-

mentation detailed in the section below, largely circumvent the additional cost associated with the augmented

dimensionality. K (™) expresses the overlap between each batch of data for m < M) and ensures that all

10
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the available information is utilized to constrain the parameter vector p. By smoothing the ruggedness of the
loss surface (orange curve in Fig. ), the proposed mini-batch method yields an improved navigability (orange
curve in Fig. ) We show analytically in Section |[S1fthat using L%, yields a more navigable loss surface than
if Lxg(0) is used in Eq. (6).

11
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Figure 1: Illustration of the mini-batch method. A Characteristic features of the naive loss function L 4(0)
and the mini-batch loss function L%,(#). The blue and orange lines correspond to cross sections of L () and
L%,(0), respectively, obtained from the ecosystem model presented in the section [Simulated food-web modell
While the cross section of L (#) presents many local minima and a very large gradient in
the neighbourhood of the true parameter, which renders the navigability of the loss surface difficult, the cross
section of L% () is smooth and shows a single minimum, illustrating the regularization induced by the mini-
batch method. B Convergence of gradient descent algorithms applied to L and L%,. The blue, orange and
green lines correspond to the loss function evaluated against the epochs (number of parameter updates) using
L, L starting from a parameter value close to the true parameters, and L% ,, respectively. The ill-behaviour
of L, leads to the convergence to a local minimum, while L, is associated with a smooth convergence to the
true parameters. C Graphical representation of the proposed mini-batch method. To improve the navigability
of the posterior landscape, the algorithm splits the time series into mini-batches with short time horizons (blue
and red portions of the time series). Since mini-batches are treated independently, the method naturally extends
to independent time series.

12
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2.2.2 Numerical implementation of the ML framework

The choice of the optimizer and the correct calculation of the model sensitivity to the parameters and ICs, upon
which the gradient of the loss function VL% () depends, play an essential role in the success of the minimization
of the loss function and the subsequent correct estimation of the MAP. To accelerate the learning process and
make it more robust, we propose to combine the mini-batch method with modern optimizers and automatic
differentiation. Building upon the software ecosystem SciML [53], we use DifferentialEquations.jl for the
forward integration of the ecosystem model, as it provides highly efficient ODE solvers [58]. DifferentialE-
quations.jl is additionally compatible with automatic differentiation and includes an extensive set of sensitivity
analysis methods [59], enabling the automatic generation of the model sensitivity to the parameters and ICs
and guaranteeing their accuracy. This automatic generation greatly reduces the effort and potential errors asso-
ciated with the adjoint code construction, enabling continuous development of the models. The accuracy is also
an essential feature, as the model sensitivities are critically involved in the minimization of Eq. @ and their
inaccuracies can compromise the convergence of the gradient-based optimizers [60]. The interoperability of the
SciML ecosystem further makes it possible to benefit from the tooling of the deep learning library Flux.jl and
the nonlinear optimization library Optim.jl [61], providing state-of-the-art optimizers that are computationally
efficient and well suited for highly parameterized models [62]. We use the adaptive, momentum-based Adam
optimizer [63] to converge in the basin of attraction of the true parameters, which we substitute with the limited
memory Broyden—Fletcher—Goldfarb—Shanno optimizer (L-BFGS) [64] for the final training epochs to ensure
faster and more accurate convergence.

The reformulation of the learning problem in Eq. , together with the numerical implementation suggested
above, define the proposed ML framework, which we benchmark with a concrete case scenario in the next

section.

3 Simulated food-web model as a case study

We evaluate the performance of the ML framework by considering a food-web ecosystem composed of three
functional compartments including a resource, consumers and predators. We use a reference model to generate
the observation data and first assume a perfect-model setting, evaluating the performance of the ML framework
in parametrizing the reference model for different noise levels, with incomplete observations, and with an
increasing number of independent time series. Second, we relax the perfect-model assumption by considering

two plausible candidate models capturing contrasting hypotheses regarding the ecological processes, and test

13
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whether the ML framework can provide support for the true generating model by combining it with information-

based model selection.

3.1 Three-compartment food-web ecosystem

We use a reference food-web model investigated in [65 [66], [67) [68] where a resource R is eaten by consumers C)
which in turn are fed upon by predators P (model M; in Fig. . We further consider an "omnivory variant" of
the reference model introduced in [69], where predators are omnivorous and can feed upon the resource with a
determined strength w (model Ms in Fig. [2]). These models generate fluctuations that resemble the behaviour of
observed ecological time series [57], they produce chaotic dynamics that are notoriously challenging to forecast
for a wide range of realistic parameters [70], and they have been used as benchmarks for proposed ecosystem
forecasting methods (see [71, 12, [I1]).

After nondimensionalization, the three-compartment model and the omnivory variant comprise a total of six
and nine parameters, respectively: the mass-specific metabolic rate of consumers and predators z¢ and xp, the
ingestion rate per unit metabolic rate of consumers and predators yc and yp (decomposed into ypc,ypr for
the omnivory variant), the half saturation densities for the type II functional responses of the consumers and
predators Ry (decomposed into Ry, Rpo for the omnivory variant) and Cp, and the omnivory strength w for the
omnivory variant (see Section for the ODE details). Time is nondimensionalized by the resource growth rate
and set to the biologically realistic value of 100% biomass increase per day, so that one unit of time corresponds
to one day. The parameters in the simulations are set to the biologically realistic values proposed by [67, 69],
which additionally ensure that the dynamics of the system are chaotic or show oscillations (see Section [S2| for
details).

We generate the observation data by sampling the simulated ecosystem dynamics and by contaminating
the samples with noise. The noise variance-covariance matrix 3, is set to be diagonal, with entries that are

proportional to the sample variances of the observables

diag ¥, = r*[Var(1), . . ., Var(7a4)] (9)

where r indicates the noise level and ¢ corresponds to the noiseless data generated with the true parameter
values 6. We sample the simulated dynamics after a long burn-in time (t > 500) to ensure that transient
dynamics are not observed. A visual representation of the generated data is displayed in Fig. 2B. We assume

a uniform distribution of the parameter priors, and randomly draw initial parameter estimates from a uniform
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distribution so that the initial parameter estimates follow 4/(0, 2p).

We consider two different settings: one where all compartment abundances are observable, i.e. the observing
system map h is the identity, and one where only predator and consumer abundances are available, i.e. discard-
ing the resource abundance data. For both settings, structural identifiability is tested with the Julia library
Structuralldentifibility.jl [72] and verified globally. This means that in theory, the unique observation of
predator and consumer abundances carries the information required for a complete characterization of all the

model parameters.

(1)
M e

For the meta-parameters of the ML framework, we set ¥, = 7=

y> we use Adam with v, = 1jg,2000] (m)10~ 1+
1(0,2000] (M) 1072 + L0 2000) (M) 1072, B1 = 0.9 and By = 0.999 for the first 6000 epochs, where 7, corresponds

to the learning rate of the mth epoch, and we use L-BFGS for the last 200 epochs.

Predators

M ) \
Resources

R

Figure 2: Reference food web systems considered. In Section the blue model M; from [65] is
considered, where a resource is eaten by consumers, which are themselves eaten by predators. In Section (3.3
the orange model My, corresponding to the omnivory variant introduced in [69], is also considered.

3.2 Parameter learning in a perfect-model setting

We generate time series from the reference food-web model (blue model in Fig. [2)) under varying noise levels
and for both settings with total and partial observations, sampling from the model simulations every four days
(see Fig. for an illustration of the generated data). We then apply the ML method to the generated data,
with a focus on evaluating its performance in recovering the true parameters p and on its forecast skill.

We evaluate the performance in recovering the true parameters with two metrics, namely the coefficient of

determination between the true parameters £p and the estimated parameters zp, denoted by Rip, and the
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relative parameter error for the ensemble of training simulations, denoted by |(#—5)/5| and calculated as the
median relative parameter error across the six estimated parameters. To evaluate the out-of-sample forecast
skill, we simulate the model beyond the training time span by using the estimated ICs of the last batch of
each independent time series. Further, we quantify the forecast skill, denoted by p?, by computing the mean
squared correlation across all the independent time series between the prey abundance generated with the true
parameter 6 and the predicted prey abundance. We obtain summary statistics of the metrics by varying the
critical parameter value xp, generating a total of 50 simulations for each noise level and setting considered.

While only zp is varied, all the parameters together with the ICs are collectively fitted.

3.2.1 Robustness of the ML framework against noise and incomplete observations

We set the number of time series to S = 1, the time series length to K = 80, and the number of mini-batches to
M = 8. We investigate the ML framework performance against observational noise and under the setting with
complete or partial observations.

In the complete observation setting, the ML framework can very accurately recover the true parameter
values under a moderate observational noise, with mean |(3-5)/5| = 6% and R2 = 0.99 for 20% observational
noise (r = 0.2; see Fig. , red dots). In the partial observation setting, fair results are also obtained with
|(6-P)/p| = 16% and RZ, = 0.89 (Fig. , blue triangles). On top of being accurate, the ML framework further
shows a very short inference time, i.e. 36 seconds in the complete observation setting and 34 seconds in the
partial observation setting (see Table for details). To investigate systematically how the ML framework
accommodates different levels of observational noise, we vary the noise level from r = 0. to r = 1 and calculate
|(P=5)/p|. Results reported in Fig. show that the ML framework handles observational noise well and the
response of the logarithm of |(»=5)/5| to r only differs by a constant factor between the complete and partial
observation settings.

Given that the food-web dynamics are chaotic (Section , excellent performance in parameter estimation
might not be sufficient to provide accurate forecasts. We therefore also test the ML algorithm by evaluating how
the forecast skill p? is affected by the noise level under complete or partial observations. Results for the complete
and partial observation settings reported in Fig. 3JC show good forecast skill under moderate observational noise,

where p? linearly decreases with the time horizon considered.
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Figure 3: Performance of the proposed ML framework for varying noise levels, under the complete
and the partial observation setting. A True parameter £p against estimated parameter p for r = 0.2
under the complete and the partial observation setting. Although the parameter estimation is more accurate
when complete observations of abundance are available, parameters show a fair fit when estimated with partial
observations. B Relative parameter error |(P—p)/5| for varying noise levels under the setting of complete or
partial observations. B supports the above observation for varying noise levels. C Forecast skill p? of the
trained model under the complete observation setting. D Analogous data under the partial observation setting.
In A-D, the batch size is set to m = 6.
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3.2.2 Capability of the ML framework to harness multiple time series

We further investigate the ability of the ML framework to process and combine information from independent
datasets. We reduce the time horizon of the observation data by setting the time series length to K = 12,
generate two datasets comprising S = 1 and S = 6 independent time series, respectively, — obtained from
independent ICs — and set the number of batches for each time series s to M) = 2. In both the complete
and partial observation settings, we find that the relative parameter error |(p—p)/p| is consistently lower in the
simulations with a larger number of time series (Fig. ) The forecast skill is also consistently improved as more
independent time series are processed (Fig. ), and the forecast skill for long-term predictions considerably
increases. These results confirm the robustness of the ML framework against noise and partial observations,

and show that the ML framework can efficiently harness the information from disparate observation datasets.

—— Complete observations Nb. of time series, S=1
—— Partial observations [—1 Nb. of time series, S=6
A B
1.0 +
Q100 4 ] ] [ 11l ]
3 ] l
| 1 d [ 0.8 n
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Figure 4: Performance of the ML framework in processing and combining the information of
multiple independent data sets. A Relative parameter error |(p—9)/5| for different numbers of time series
and levels of noise, under the complete and the partial observation setting. B Forecast skill for different numbers
of time series and time horizons of the forecasts, under the complete and the partial observation setting. r = 0.1.
In A-B, |(6-5)/5| decreases while p? increases as the number of time series processed increases, demonstrating
the capacity of the ML framework to process and combine the information from independent time series. In
A-B, each box plot corresponds to 100 independent simulations where #p varies p € [0.071,0.225], and the
batch size is set to m = 6.
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3.3 Elucidating mechanistic pathways

Finally, we relax the perfect-model assumption and investigate whether the ML framework can provide statis-
tical support for the true generating model among several candidates with information-based model selection.
Specifically, we investigate whether the ML framework can detect omnivory from single observations of time
series. We generate multiple observation datasets from the omnivory variant model My for different omnivory
strengths w and noise levels r. We consider both the standard model M; and the omnivory variant model My
as two plausible candidate models (see Fig. [2f for a graphical illustration of the models). We use the Akaike
information criterion (AIC) to select the model with the strongest support in relation to the data [73]. In the

specific case of our framework, we calculate the AIC as

AICu, = —2In(p(0, Mily1.x)) + 2k, (10)

where p(é, M ;|y1.x) corresponds to the maximum value of the likelihood of the model M, given the data, and
kam, is the number of parameters in the model M,;. The AIC ranks the most probable models by penalizing

complexity to balance information loss and parsimony, where candidate models with the lowest scores are

exp(—AAIC, /2)

ranked as the most likely. We consider the Akaike weights waq, = S oxp(=AAIC L /3)?
J J

where AAICy\, =
AICp; — minj AIC 4, which can be directly interpreted as the probability that M; is the most appropriate
model given the data (see [74]). We expect that the Akaike weights provide support for the generating model
M only across values where w > 0, as M is equivalent to My when w = 0 and M, is penalized by its three
additional parameters.

In the complete observation setting, for moderate observational noise (r = 0.1) we find that M is given
strong support for w < 0.07 (waq, > 98%) and that Mo if favored for w > 0.08 (waq, > 99%), providing
overall strong support for the true model over a large range of w values (Fig. ) As the observational noise
increases the support strength naturally decreases, leading to an increased range of w values where the simplest
model M, is favored or where no model is given strong support (Fig. —C). On the other hand, in the partial
observation setting, the lack of data prevents the correct estimation of the omnivory variant model parameters,
leading model M; to be supported for an even larger range of w values (Fig. [S1).

Overall, the ML framework provides statistical support for the model embedding the most appropriate
hypotheses given the available data. With appropriate data, the proposed ML framework can therefore elucidate

mechanistic pathways and infer ecological processes by utilizing information-based model selection.
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Figure 5: Performance of the ML framework in supporting the predator omnivory hypothesis in
a food web. A-C Hypothesis testing for levels of noise » = 0.1,0.2,0.3. Blue dots correspond to wa,, the
Akaike weights of the simple food-web model, and orange dots correspond to wa, = 1 — way,, the Aikaike
weights of the omnivory model, which can be interpreted as model probabilities. A—C indicate that the ML
framework can detect omnivory, as the omnivory model My is given strong support (waq, > 99%) for most of
the w range investigated.

4 Discussion

We propose a ML framework combining a mini-batch method inspired by multiple shooting methods [52]
with automatic differentiation [53] and state-of-the-art variational optimizers [63] to efficiently and accurately
parametrize complex dynamical models. We show formally that splitting the data into mini-batches with a short
time horizon regularizes the loss function associated with dynamical models characterized by complex dynamics,
such as chaotic dynamics and limit cycles (Section . We demonstrate numerically that this reformulation
ensures the success of gradient-based optimizers to parametrize ecosystem models (Figs. and. This mini-
batch method is also relevant beyond variational methods and applies to any inferential method navigating
the posterior landscape, such as evolutionary algorithms [75, [76] or Markov Chain Monte Carlo methods [27]
28, 29, [30, BI]. The proposed approach is particularly relevant for the parametrization of ecosystem models
incorporating realistic ecological and adaptive mechanisms [I3], which are generally associated with strong
nonlinearities due to the complexity of processes linking interacting ecological compartments [57 21} 22] 23].
It further integrates the practical constraints of available ecological datasets [(7], accommodating incomplete,

noisy, shallow and independent observation data. Overall, the ML framework successfully blends ML methods
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with mechanistic ecosystem models to learn from ecological time series, and it could therefore improve our
quantitative understanding of ecosystem dynamics and help to anticipate their responses to global changes [13].

Our work contributes to the ongoing effort to better assimilate observational data into mechanistic models
[20] [78] [49], with a specific focus on the parametrization of ecosystem models with strong nonlinearities. Re-
cently, [79] proposed an alternative framework dubbed "systems biology informed deep learning", where a neural
network is fitted to the data and the additional mechanistic model constraints are integrated. This alternative
framework extends previous colocation methods [80, [8T] and has the advantage of being able to parametrize
stochastic models. As it requires the selection of a neural network architecture and a "goodness of fit" pa-
rameter, it nevertheless imposes an additional layer of complexity, which might negatively affect the model
parametrization [79]. In contrast, the ML framework proposed here trains the model directly against data,
using automatic differentiation and sensitivity analysis in order to apply variational optimizers directly to the
model simulations. This makes it possible to bypass the use of neural networks, rendering the parametrization
process simpler and more amenable to model selection [80].

By integrating the practical constraints imposed by ecological datasets, the ML framework can learn from
short time series with partial and noisy observations (Figs. 3| and . Local ecosystem surveys, such as marine
trawling surveys or local terrestrial surveys ([82 [77], [83] and references therein), provide time series that are
generally shallow in time but composed of many replicates [84, [85], in part due to the practical difficulties
of long-term monitoring [I1]. Our results show that the inclusion of multiple independent time series in the
training dataset reduces the error in the parameter estimates and increases the forecast skill (Fig. [4). This
indicates that the proposed ML framework could, in practice, efficiently harness the information available in
current ecological datasets. Instead of directly comparing simulated and observed data, matching time-averaged
statistics between observations and simulations (e.g. means and covariances) could further yield an improved
assimilation of observations from diverse data sources, such as global observations of productivity from satellites
and local surveys, as proposed for climate models [55]. Overall, the proposed ML framework accommodates the
specificities of current ecological time series and can improve the assimilation of ecological data into mechanistic
ecosystem models.

Our work can help elucidate mechanistic pathways by contrasting hypotheses embedded in model variants.
Using information-criterion-based model selection, we demonstrate with a case study that the ML framework
is able to provide statistical support for the true generating model among two different candidates (Fig. |5).
Importantly, the ML framework can perform model selection on complex models, incorporating key mechanisms

such as trait—species interactions, evolutionary potential and responses to environmental conditions, which have
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been shown to be important in mediating ecosystem dynamics and must be refined in models to improve
predictive accuracy [13]. The ML framework can therefore lead to the improvement of current ecosystem
models and knowledge, which is crucially needed given that key ecological processes are only partially described
in most ecosystem models [20]. AIC can also be used to ensure the interpretability of the model parameters,
and should be preferred to estimating the parameter uncertainty through e.g. the Cramer Rao ingequality [74]:
by favouring models with less complexity, model selection techniques disqualify uninformative parameters to
ensure interpretability [74]. This has the extra benefit of reducing the dimensionality of the parameter space,
hence improving the estimation of other parameters. Following recent novel approaches to investigate ecological
hypotheses [45], our method contributes to the development of a process understanding of ecosystem functions
and provides a path forward to better link ecological theory and data.

The proposed approach still presents a set of limitations, which might hamper its success under specific
situations. First, while the use of mini-batches smooths the loss surface and ensures better convergence, it
also flattens the loss surface around the true parameter value, which consequently deteriorates the precision
of the inferred parameters because the loss function takes similar values in an extended neighbourhood of the
true parameters. To circumvent this issue, iterative training can be performed, where the learning is initiated
by a short batch length K(*) to identify the region with the most probable parameters, and in subsequent
iterations the batch length is increased to improve the precision of the inference. Iterative training could also
improve the lack of statistical support obtained in hypothesis testing experiments (see simulations in Figs.
and [5| where none of the models is given statistical support), as it would increase differences in likelihood for
parameter values around the neighbourhood of the true parameter values. Second, our results highlight that
the data might not provide enough constraints for a correct parametrization (Fig. |4} partial observation setting
and S = 1). Pre-experimental analyses with simulated synthetic data might therefore be required to design the
sampling protocol and campaign to ensure an adequate sampling effort [86, 87]. Third, while in Eq. it is
assumed that the parameter values are the same across the time series, strong regional variability might also
be observed among the spatially replicated data, causing parameter values to vary across the replicates. The
knowledge of this variability could motivate partial pooling [88] or parametrization of the parameters in terms
of environmental conditions [89], to account for the independence of the parameter values across the replicates.
Finally, while the proposed ML framework greatly improves convergence, it could still be that — even with a
large amount of data — poor initial parameter estimates, a large number of free parameters, or high noise levels
prevent convergence to the true minimum. Performing multiple runs with varying initial parameter estimates

can ensure that the maximum a priori estimate is reliable. If this is not the case, stochasticity could further
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be introduced within the ML framework to prevent the convergence to local minima, where only a subset of

mini-batches are fitted at each epoch [90].

5 Conclusion

We proposed a ML framework based on a mini-batch method combined with automatic differentiation and state-
of-the-art optimizers to estimate the parameters and improve the forecast skill of complex ecosystem models
from observation data. The ML framework was benchmarked with a realistic ecosystem model characterized
by strong nonlinearities and delivered excellent performance, accommodating the practical constraints imposed
by the quality and availability of ecological datasets. Our experiments have further illustrated the ability of
the ML framework to discriminate between several candidate models, enabling the testing of ecological theories
against data and the improvement of current mechanistic models. Given the increasing number of ecological
datasets following the development of monitoring technologies such as environmental DNA [91], remote sensing
[92], bioaccoustics [93], and citizen observations [94], the proposed ML framework opens up new opportunities
for the quantitative investigation of current ecosystem functions [45] and the prediction of ecosystem responses

to increasing disruptions [13].
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S1 Supplementary Information

We show that the loss function L4 (6) in the main manuscript in Eq. @ is ill-behaved for models with complex
dynamics when the time horizon is large. We proceed by first analysing the dynamics of models with complex
dynamics showing chaotic behaviour or limit cycles, and approximate the divergence of perturbed dynamical
trajectories. We then show that the divergence in dynamics translates into a loss function whose surface is
rugged in most of the parameter space, and that the gradient of the loss function around the true parameters
becomes exponentially steeper with time. We conclude by formally discussing how the proposed mini-batch

method regularizes the ill-behaviour of the loss function.

S1.1 Dynamics under perturbations
S1.1.1 Perturbed initial conditions

Consider the trajectory of the state variables

(t) = M(t, p, o)
¢ (S1)

= (S,Z‘(S),p)d5+xo
0

and consider the perturbed trajectory
Lo (t) = M(t7p7 o + 6$0) (82)

whose initial conditions (ICs) z( are perturbed by dxo. Assuming that the system is chaotic and that dzq is

small, the distance between the perturbed trajectory and the original one grows as
() — @500 ()| ~ €80 (S3)

where )\ is the largest Lyapunov exponent of the system [95]. After enough time, the trajectories diverge so
much that they effectively become independent samples of the phasespace: the trajectories forget their ICs, and
ergodic theory ensures that the positions of z(t) and xs,,(t) are better described by a random variable R with

probability density given by the density of orbits in the chaotic attractor, the so-called invariant measure of the
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chaotic attractor [96]. The distance between z(t) and s, (t) can therefore be described as

() = @520 ()] ~ [R1 — Ra| (S4)

Considering the observation function h, it follows that

oh 1
1h(z(t)) — h(Zsae ()| ~ =— eMoxg for t < ~

or 2(t) A 1 (35)
1A(2(8)) = h(wsao ()| ~ 1A (R1) = h (Re) || for ¢ > <

A

(see Fig. [S2[for an illustration of the divergence behaviour over time).

S1.1.2 Perturbed model parameters

Consider now a trajectory s, with a small perturbation of the parameters dp . From Egs. (SI1) and (S2), it

follows that

i(;p(t) = f(t, I5p(t),p + 5]))

~ [t wsp(t),p) + = 5p 6
~ f(t, z(t),p) + 6f(t,:gs;(t),p)5p (g ((t)),p) a:gg)ap

which is dominated by the first term under small values of dp, and is thus subject to chaotic dynamics. Similar
to a perturbation of the ICs, the small perturbation dp generates a divergence in the dynamical trajectories that
grows exponentially until they become uncorrelated. For small dp, the distance between the true and deviated

trajectory can therefore be approximated as

[l () — 2sp(B)[] ~ /0 M|z (s) —asp(s)ds ~ e g(dp) (S7)

of(t, Iap(t)m) + ( z(t),p) 990 t)

where g(dp) = || E0)

|| gives the scale of the divergence between the two trajectories as
a function of dp. Similar to a perturbation of the ICs, the difference in trajectories grows to the point where

the trajectories become effectively independent after a long time. Hence, it follows that

Ih(0) ~ bz ) ~ O Xgop) for 1 < 5
=(®) , (S8)
1h((t)) — hlasp@)] ~ 1A (Ra) — h(Ra) | for t >

A
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(see Fig. [S3|for an illustration of the divergence behaviour over time).

In the following section, we call the first divergence regime the informative divergence regime, where the loss
grows with the distance to the true parameters, and we call the second divergence regime the mixed divergence
regime, where the loss is dominated by the random-like behaviour. Given that dp and dxy behave similarly, we
employ 6 and §6 to encompass both perturbations of parameters and ICs, and denote by ¢(d6) the function

that gives the scale of the divergence in trajectories for both g(dp) and ||0zo]|.

S1.1.3 Transition in the parameter space between the informative and the mixed regime

For a fixed time horizon ¢, and depending on the shape of the chaotic attractor, the magnitude of the perturbation
determines the divergence regime. If the perturbation is small, the trajectories will be aligned, but for large
perturbations they will effectively become two independent trajectories.

The transition between the two regimes can be studied by noting that the informative divergence should
remain in the same order of magnitude as the mixed divergence. The reason is that the expected value of the

squared divergence between two trajectories z(t) and xs9(t) for large ¢ is

E [[Ih (R1) = h(R2) |[*] = 2Var [h(R)] < max|h(R) — E[h(R)] | (59)

meaning that the expected value of the squared divergence in the mixed regime is in the same order of magnitude
as the maximum distance within the phasespace. On the other hand, the divergence of any two trajectories in
the chaotic attractor cannot be larger than the maximum distance between two points in the attractor, which
is itself bounded through the triangle inequality as 2max |h(R) — E[h(R)] |.

Since the growth of the informative regime has to remain in the same order of magnitude as the mixed

regime, at the regime transition we must have

M g(60) ~ E[|Ih(R) |l (S10)

Equation (S10]) implies that, for a given time horizon ¢, the magnitude of the critical perturbation §6* associated
with the regime transition satisfies

[60%|| ~ e~ (S11)
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S1.1.4 Limit cycles

While in the section above a chaotic system was assumed to provide an approximation for the divergence of the
trajectories, a similar approximation applies for systems characterized by limit cycles. Considering a system

z(t) with a limit cycle characterized by the phase wt with frequency w, i.e.

z(t) = §(¢(t)) = f(wt) mod 27 (512)

a perturbation of the parameters dp might lead to a perturbed frequency dw, further leading to a difference in
phases

3¢(t) = P(t) — ¢su,(t) = dwt mod 27 (S13)

For t < i, 0¢(t) grows linearly with dw, but once ¢ > i, the change of phase d¢(t) is affected by the modulo
operation. As this operation is nonlinear, a small random perturbation dw results in a random uniform phase
over the interval [0,2¢]. For a large time horizon, xs, is thus uniformly spread over the circular line given by
the phasespace of the dynamical system. Hence, the approximation in Eq. applies for cyclic dynamics,
except that the initial divergence is linear rather than exponential, and that in contrast to Eq. , a change

affecting the initial position will not grow over time.

S1.2 Consequences for the shape of the loss surface

The approximation of the divergence of trajectories in Eqs. (S5)) and (S8]), together with the transition boundary
determined by Eq. (S11)), can be used to characterize the surface associated with the loss function.
Omitting the term corresponding to the priors and the variance—covariance matrix ¥, for simplicity, the loss

function presented in the main text is expressed as

(S14)

where the parameter vector 6 is decomposed into the model parameter vector p and the ICs g, y, correspond
to the observations, Z corresponds to the true trajectory and e(t) is the observational noise. As the noise is

independent of the dynamics, it is uncorrelated with h(Z(ty)) — M(tg, ), meaning that the loss can be split in
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expectation

K
ELm(0)] = % D h(E () = h(M(tr, 0))]]* + Var [¢] (S15)
k=1

where the noise term (Var[e]) is independent from the parameters #. Assuming that 6 = 6 + 06, where 0
correspond to the true parameters and ICs, every term in the sum corresponds to a squared distance between
the true trajectory Z(t) and a perturbed trajectory Zs9(t). Using Eqs. (S5)) and (S8)) to (S10]) we obtain the loss

function approximation

min{K,K*} K
Lm@) ~ > ePMrg?(60) + > Var [h(R)] + Var [¢] (S16)
k=1 k=min{K,K*}+1

where K* is the observation index corresponding to the time horizon tx+, where the transition between the
informative and the mixed regime happens for the perturbation d6, obtained from Eq. .

The distribution of the observation times and the magnitude of the perturbation §6 determine whether the
loss is dominated by the informative or by the mixed divergence regime. For a fixed perturbation 66, assuming

that the observations y; are uniformly distributed over the time interval [0, ¢], Eq. 1) yields for t < w

that the loss L o4 is dominated by the informative divergence regime, whereas if t > w the loss is dominated
by the mixed divergences. In the region where the loss is dominated by mixed divergences, the loss L has
an expected value of order O (Var [h(R)] 4+ Var [¢]) and does not grow monotonically with 66. It corresponds to
a "random-like" surface populated with local minima, and is consequently characterized by an uninformative
gradient preventing local optimizers from converging to the true parameters 0 (see Fig. , orange dashed
curve). On the other hand, in the region where the divergence in trajectories belongs to the informative regime,
the loss is convex and grows with d6. Its associated gradient VoL (6) ~ 21521 e? M1V pg?(50) consequently
contains relevant information for the use of variational optimizers, but the loss surface becomes exponentially
steeper as the time horizon increases. As shown by the green dotted curve in Fig. [IB, this large gradient in the
vicinity of the optimal parameters is likely to lead gradient-based optimizers to overshoot and not converge to
the true parameters 6. Eq. further indicates that the volume of the region in the parameter space where

the loss is informative shrinks exponentially as the time horizon increases, implying that for large time horizons,

the uninformative region is predominant.
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S1.3 Regularizing the loss surface with mini-batches

To prevent the situation with a mixed divergence regime and to decrease the gradient in a vicinity of the true
parameters, we reformulate the loss function as the average of loss functions defined over mini-batches of short
time horizons. In the following section, we compare the properties of the naive loss function L in Eq.
with the mini-batch loss function L%, proposed in Eq. in the main manuscript, and further discuss the
limitations of the method in the presence of noise.

Omitting the term corresponding to the priors and ICs and the noise shape 3, and assuming a single time

series for simplicity, the mini-batch loss function presented in the main text can be expressed as

(m)

M—1 K
N 1 1 m
LM(G) = M r;) K Z ||yk+mK/M —h (M(tk+mK/Map7 955) ))) H2 (817)

where M is the number of mini-batches, x(()m) corresponds to the ICs for mini-batch m inferred at time t,, g /s,

K/M+1 tm <M
and K(™) = is the number of data points in the mth batch. The loss function can be

K/M tm=M

split in expectation as

M-1 , K™
1 1 - m
E[L3,(0)] = i 7nZ:O e kz_l IM(E (tksmic/nr)) — M(Ergmrc v ps 95((J N2 + Var [ (S18)
Assuming that x(()m) = T(tmr/m) + 5x(()m) when 5wém) is small, and assuming that the observation times are

regularly spaced so that txy; — tp = At, the time length of simulated trajectories (i.e. the time elapsed
between the time when the perturbation is applied and the end time of the simulated trajectory) is divided
by the number of mini-batches, in comparison to the time length of the simulated trajectory in Eq.
(t = tx/m41 — to = K/MAt in Eq. 7 in comparison to t = KAt in Eq. ) Further assuming that
KAt >> w and choosing the number of mini-batches M so that K/MAt << w, we apply the

approximation Eq. (S16)), which leads to

Lp(0) ~ Var[e] + Var [l (R)]
Nl (S19)
Lj\/t (0) ~ Var[e] + 92(59) Z E2AK/MAL)

m=0

While L is dominated by the mixed regime, L% , is dominated by the informative regime because the simulation
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time remains small, permitting the successful use of variational optimizers.

The number of mini-batches M should be determined by considering the dynamical behaviour of the system
and the level of noise in the observation, because a large number of mini-batches M smooths out the loss surface
but also entails more sensitivity to the level of noise. Indeed, in Lq(0)* the relative effect of the second term
corresponding to the observational noise € increases when the number of mini-batches M increases. The value
of M should therefore be chosen wisely to balance the benefits of mini-batches, i.e. widening the region of the
parameter space where L is well behaved and reducing the overshooting problem, and their cons, i.e. their

tendency to increase the importance of noise.

S2 Three-compartment food-web models

S2.1 Reference food-web model

We used the three-species chaotic food-web model from [65], formulated as

CR
4dp_ R(1-— _
dtR R( R) xcch+ R()

R rPC

4oy — -1 — -
dtC $CC |: +£UCR+RO .’bpyp0+ CO (820)
Ap_4pP -1+ L
a@’ = TP CE G

with the biologically realistic parameter values zc = 0.4, 0.071 < zp < 0.225, yo = 2.01, yp = 5, Ry = 0.16129,

and Cy = 0.5 [67]. The dynamics of the system are chaotic for this set of parameter values.

S2.2 Omnivory variant food-web model

We used the three-species food-web model from [69], formulated as

PR
dp _ 1— _ _
il =R = R) —zere p—p EPYPR R+ (1 - w)C +wR
40 =260 |-1+2 —(1-w)a pC (S21)
dt e CR+R0 PyPCwR+(1—w)O+CO
c R

%P:IPP |:1+(1w)l’pypc WITpPYPR
w w

+
R+(1—W)C+CO R+(1—w)C+R02

with the biologically realistic parameter values zc = 0.4, zp = 0.08, yo = 2.009, ypr = 2, ypc = 5, Ry =

0.16129, Cy = 0.5, and 0 < w < 0.5. For this set of parameter values, the dynamics of the system are chaotic
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for w < 0.20, consist of a limit cycle for 0.20 < w < 0.35, and consist of dampened oscillations for 0.35 < w.

S3 Supplementary Figures
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Figure S1: Performance of the ML framework in supporting the predator omnivory hypothesis in
a food web for the partial observation setting. In A, B and C where r = 0.1,0.2,0.3, the lack of data
prevents the correct estimation of the omnivory variant model parameters, leading model M; to be supported
for a wider range of w in contrast to the complete observation setting (Fig. )
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Figure S2: Divergence between the trajectory z(¢) and a perturbed trajectory zs,,(t), obtained from
the reference food-web model from [65] and detailed in Section For ¢t < 100, x(t) and sy, (t)
are correlated and the divergence regime is informative, but for ¢ 2 100 the trajectories become essentially
uncorrelated, corresponding to the mixed divergence regime.
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Figure S3: Divergence between the trajectory z(t) and a perturbed trajectory zs,(t), obtained
from the reference food-web model from [65] and detailed in Section For t < 40, z(t) and
x5p(t) are correlated and the divergence regime is informative, but for ¢ 2 40 the trajectories become essentially
uncorrelated, corresponding to the mixed divergence regime.
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S4 Supplementary Tables

Setting ‘ Median simulation time ‘ Mean simulation time ‘ Std. simulation time
Complete observations 35.9977436 39.5980174 20.5789433
Partial observations 34.1293998 39.1896534 21.8191709

Table S1: Simulation time for the complete and partial observation settings.
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